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Abstract We consider a two-stage adaptive linear optimization problem under right
hand side uncertainty with a min-max objective and give a sharp characterization
of the power and limitations of affine policies (where the second stage solution is an
affine function of the right hand side uncertainty). In particular, we show that the
worst-case cost of an optimal affine policy can be .Q(ml/ 27‘5)
cost of an optimal fully-adaptable solution for any § > 0, where m is the number of
linear constraints. We also show that the worst-case cost of the best affine policy is
O(y/m) times the optimal cost when the first-stage constraint matrix has non-negative
coefficients. Moreover, if there are only k < m uncertain parameters, we generalize the
performance bound for affine policies to O(\/E) which is particularly useful if only a few
parameters are uncertain. We also provide an O(v/k)-approximation algorithm for the
general case without any restriction on the constraint matrix but the solution is not an
affine function of the uncertain parameters. We also give a tight characterization of the
conditions under which an affine policy is optimal for the above model. In particular,
we show that if the uncertainty set, f C R’ is a simplex then an affine policy is

times the worst-case

optimal. However, an affine policy is suboptimal even if U/ is a convex combination
of only (m + 3) extreme points (only two more extreme points than a simplex) and
the worst-case cost of an optimal affine policy can be a factor (2 — §) worse than the
worst-case cost of an optimal fully-adaptable solution for any § > 0.
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1 Introduction

In this paper, we study the power and limitations of affine policies in solving adaptive
optimization problems. In an affine policy (or linear decision rule), we restrict to solu-
tions that are an affine function of the uncertain parameters. The problem of finding
the best such policy is tractable. Therefore, these are widely used to solve multi-stage
dynamic optimization problems and perform extreme well in practice as observed em-
pirically. However, to the best of our knowledge, there are no theoretical performance
bounds for affine policies in general.

We consider the following two-stage problem, IT44qp:(U) with an uncertain right
hand side.

% Adapt(U) = min ¢’z + max d"y(b)

Az + By(b) > b, Vb e U (1)
z,y(b) > 0,

where A € R™*"™, B e R™*"2, c e R',d € R?, U C RY is a convex uncertainty set
of possible values of the right hand side of the constraints. For any b € U, y(b) denotes
the value of the second-stage variables in the scenario when the right hand side is b.
Hardness. The problem IT 444+ (U) is intractable in general. In fact, it is hard to ap-
proximate within a factor better than O(logm) under certain complexity assumptions
via a reduction from the following max-min fractional set cover problem,
. T
gg%ryrtg)l{d y(b) | By(b) > b},

where d € R'?, B € {0,1}™*™ is an element-set incidence matrix and & C R is
a convex uncertainty set. Feige et al. [10] prove that the above max-min fractional
set cover problem can not be approximated within a factor better than O(logm) in
polynomial time unless NP C TIME (20(‘/5)), where n refers to the problem input
size.

The hardness of IT 4qqp:(U) follows as setting A = 0 and B as an element-set inci-
dence matrix reduces 11 44qpt(U) to a max-min fractional set cover problem. Therefore,
the problem IT 444yt (U) can not be approximated within a factor better than O(log m)

in polynomial time unless NP C TIME (QO(ﬁ)). However, an exact or an approx-

imate solution to IT44qp:(U4) can be computed efficiently in several cases when the
uncertainty set U satisfies certain properties.

If the uncertainty set U is a polytope with a small (polynomial) number of ex-
treme points, I gqqpt(U) can be solved efficiently. Instead of considering the constraint
Az + By(b) > b for all b € U, it suffices to consider the constraint only for all the ex-
treme points of /. Thus, the resulting expanded formulation of IT 444y (1) has only a
small (polynomial) number of variables and constraints which can be solved efficiently.
Dhamdhere et al. [9] consider the problem IT44qp:(14) where the constraint matrix
A = B and it defines a combinatorial problem such as set cover, Steiner tree and
facility location and U set has a small number of extreme points and give approxima-
tion algorithms with similar performance bounds as the deterministic versions. Feige
et al. [10] extend to a special case of the uncertainty set with an exponential number of
extreme points and give a polylogarithmic approximation for the set cover problem in
this setting. Khandekar et al. [14] consider a similar uncertainty set with exponential
number of extreme points as [10] and give constant factor approximations for several



network design problems such as Steiner tree and uncapacitated facility location. In
most of these papers, the algorithm and the analysis is very specific to the problem
and does not provide insights for a tractable solution for the general two-stage problem
1 Adapt (Z/{)

Bertsimas and Goyal [7] show that a static robust solution (that can be computed
efficiently) is a 2-approximation to ITgqqp:(U) if the uncertainty set is symmetric or
positive (see Definition 1). To the best of our knowledge, this is the first such worst-
case bound on the performance of a tractable solution approach in such generality.
The assumptions of symmetry are mild and often satisfied in practice. However, non-
symmetric uncertainty sets occur in modeling in several important applications (such
as modeling at most k resource failures) and the cost of an optimal static solution can
be £2(m) worse [7] as compared to the fully-adaptable two-stage solution.

Definition 1 i) A set P C R" is symmetric, if there exists some ug € P, such that,
for any z € R", (up+2) € P < (up — 2) € P.

i) A convex set P C R} is positive, if there exists a convex symmetric set S C R}
such that P C S and the point of symmetry of S is contained in P.

Affine policies have been studied extensively in the literature for two-stage and
multi-stage adaptive optimization problems. They were introduced in the context of
stochastic optimization in Rockafellar and Wets [16] and then later in robust optimiza-
tion in Ben-Tal et al. [4] and also extended to linear systems theory in Ben-Tal et
al. [2] and Ben-Tal et al. [3]. Affine policies have also been considered extensively in
control theory of dynamic systems (see Bemporad [1], Kerrigan and Maciejowski [13],
Lofberg [15], Bertsimas and Brown [6], Skaf and Boyd [17], Ben-Tal and Nemirovski [5]
and the references therein). In all these papers, the authors show how to reformulate
the multi-stage linear optimization problem such that an optimal affine policy can be
computed efficiently by solving convex optimization problems such as linear, quadratic,
conic and semi-definite. Kerrigan and Maciejowski [12] first consider the problem of
theoretically analyzing the properties of such policies and show that, under suitable
conditions, the affine policy has certain desirable properties such as stability and robust
invariance. Goulart and Kerrigan [11] show that under certain conditions, the class of
policies that are affine in the uncertain parameters in the current state are equivalent
to the class of affine policies with memory of prior states. Bertsimas et al. [8] recently
show that an affine policy is optimal for a multi-stage problem where there is a single
decision variable with upper and lower bounds and a single uncertain parameter in each
stage. However, to the best of our knowledge, there is no bound on the performance of
affine policies in a general setting such as the one considered in 1 44qp: ().

1.1 Our Contributions

Our main contributions are the following.

1. (Optimality for Simplex sets) We show that an affine policy is optimal if the
uncertainty set & C R’ is a simplex, i.e., it is a convex combination of (m + 1)
affinely independent points in R'".

2. (Suboptimality) We show that the above optimality result for affine policies is
almost tight, i.e., an affine policy is suboptimal even when U is a convex combi-
nation of 0 and (m + 2) non-zero extreme points in R’". In particular, given any



6 > 0, we present an example where I is a convex combination of 0 and (m + 2)
other points in R7* and the worst-case cost of an optimal affine policy is a factor
(2 — &) greater than the worst-case cost of an optimal fully-adaptable two-stage
solution.
3. (Lower Bound) We show that surprisingly, the best affine policy can be Q(m1/2_5)
times the optimal cost of a fully-adaptable two-stage solution for I74gqp: () for any
6 > 0. In particular, we construct a family of examples where the uncertainty set U
has an exponential number of extreme points and the worst-case cost of an optimal
affine policy is Q(ml/zf‘s) times the optimal cost of IT 4qqp¢(U). This lower bound
is in contrast to strong empirical evidence of the performance of affine policies.

4. (Upper Bound) For a general convex, compact full-dimensional uncertainty set
U C R, we give a tight upper bound on the performance of affine policies for the
case when the constraint matrix corresponding to the first-stage decisions variables,
A e Rilxm, ie, Aj; > 0foralli =1,...,m and j = 1,...,n1. In particular,
we show that the worst-case cost of an optimal affine policy for ITagqp:(U) is
O(y/m) times the worst-case cost of an optimal fully-adaptable two-stage solution
ifAe ]Ri1 X" Furthermore, if only & < m parameters are uncertain, then we show
that the worst-case cost of an optimal affine policy is O(\/%) times the optimal
which is a good approximation when there are only a small number of uncertain
parameters. We also give an O(v/k)-approximation algorithm for the general case
when there is no condition on A. However, the solution in the general case is not
an affine policy.

Outline. In Section 2, we discuss the case when the uncertainty set is a simplex and
present the proof of optimality of affine policies. We present an example for suboptimal-
ity of affine policies when the uncertainty has only (m+ 3) extreme points in Section 3.
In Section 4, we present a family of examples that show a lower bound of Q(ml/ 2_6)
for any § > 0 on the performance of affine policies for general convex uncertainty sets.
In Section 5, we present an upper bound of O(y/m) on the performance of affine poli-
cies for the case when the constraint matrix A > 0 and also the performance bound
of O(vk) when there are only k < m uncertain parameters. Finally, in Section 6, we
give an O(Vk)-approximation algorithm (that is not an affine policy) for the two-stage
adaptive problem when there is no non-negativity restriction on the constraint matrix
A where k again is the number of uncertain parameters.

2 Optimality of Affine Policies for Simplex Uncertainty Sets

In general, the optimal second-stage solution, y*(b), of the problem: ITqqp(U), is
a piecewise linear function of the uncertain right hand side b for all b € U where the
number of pieces can be exponentially many (see [1]). However, if i/ C R is a simplex,
we show that there is an optimal two-stage solution where the second-stage solution
y(b) is an affine function of b € U.

We first show that for any optimal solution of ITgqqp¢(U) where the uncertainty
set U is a polytope, the worst case cost occurs at some extreme point of U.



Lemma 1 Suppose z*,y*(b) for all b € U is an optimal solution of II 4qqpt(U) where
the uncertainty set U is a polytope. Let bt .. .,bK be the extreme points of U. Then,
the worst case cost is achieved at some extreme point, i.e.,

dly* (b) = dly* (v)).
max y (D) e y ()

Proof Since {b',...,65} C U,

dTy* (b) > dTy* (v").
maxd”y (b) > max, d y (')

cey

For the sake of contradiction, suppose

dTy* (b dTy* (v").
max y()>j=1?f’fK y (b))

Let
b = argmax{d” y*(b) | b € U},

such that b ¢ {b*,...,b"}. Therefore,

Ay 0> max dTy ). 2)
Jj=1,..,
Since b € U, it can be written as a convex combination of the extreme points, bl, A bK,
ie.,
K .
b= a;-V, (3)

where a; > 0 for all j = 1,...,K and a1 + ... + ag = 1. Consider the following
solution:

K
§(0) = ey (v). ()
j=1
Clearly, §i(b) is feasible for b as,
K K A
Az*+ Bjb) = A | > aj | 2"+ B> aj -y (¥)
Jj=1 Jj=1
K K _
= Zaj CAx* Zaj - By*(¥")
j=1 j=1
K .
= Zaj . (Ax* + By*(b7)>
j=1
K .
> Z o - b (5)

[
S5
1
—~
(=)
c



where (5) follows from the feasibility of z*,y*(b’) for &/ for all j = 1,..., K and (6)
follows from (3). Furthermore,

K
d"y) = d" (Y yt (1)
j=1
K
=> a;-d"y* (V)

j=1
= max{d y* (") | k=1,..., K} (7)
<d'y*(b), (8)

where (7) follows as a1 + ...+ ax = 1. Inequality (8) follows from (2). This implies
that y*(b) is not an optimal solution for b; a contradiction. |

Theorem 1 Consider the problem IIzqqp:(U) such that U is a simplex, i.e.,

U = conv(b!,...,bm ),
where b/ € R for all j = 1,...,m such that bl7 .. .,bm+1 are affinely independent.
Then, there is an optimal two-stage solution &,G(b) for all b € U such that §(b) is an
affine function of b, i.e., for allb € U,
where P € R™2*™ ¢ € R"2,

Proof Consider an optimal solution x*,™(b) for all b € U of IT4qqp:(U). Consider
the following matrices:

Q= [(bl - bm“) (bm - bmH)]
Y= [(y o) -y @) (o™ -yt e h)]
Since b', ..., 0™t are affinely independent, (b1 - berl)7 co, (M= bm+1) are linearly

independent. Therefore, @ is a full-rank matrix and thus, invertible. For any b € U,
consider the following second-stage solution:

g0) =Y (b—vm ) 4y ™). (9)

Since b € U, it is a convex combination of the extreme points of U. Therefore,

m+1

b= a;b,
j=1



where a;j > 0 forall j =1,...,m+1and a1 +...+ am41 = 1. Therefore, we can the
above equation as:

M

m
Oéjb‘] + 11— Z aj berl
1 =1

.
I

M-

e (CEUAE R

.
Il

Therefore,
b:Q-aererl, a= (al,,..,am)T.

Since @ is invertible, we have,
Q1 (b — bm+1) —

Substituting Q! (b — bm+1) in (9), we have that,

= > oyt ), (10)

where (10) follows as aup41 = 1 — (a1 +. ..+ am). Therefore, §(b) is a feasible solution
for all b € U by a similar argument as in Lemma 1. Furthermore, we show that the
worst case cost of the solution z*,5(b) for all b € U is equal to zagqpt(U). Since the
worst case occurs at one of the extreme points of U,

_ T =x T _ T x T /17
ZAdapt(u)—IlflefZ((C " +d y(b))—_ max 1(0 - +d y (b ))

j=1,....m+

Note that §(b/) = y*(b7) for all j =1,...,m + 1. Therefore,

T * T ~ T T ~r17
d b): d b-7)
g (7o + d90) = _mar | (2 + 400
_ T T, j)
oS (T )
:ZAdapt(u)'

Therefore, the worst case cost of the solution z*,§(b), Vb € U is equal to the optimal
cost of IT gqqpt (U), which implies that the best affine second-stage solution is optimal.
|

Note that when U is a simplex, the second-stage solution y(b) for all b € U
is described completely by only describing the solution at (m + 1) extreme points,



bt ..., ™. Therefore, to construct an affine solution we need to find P € R"2X™ ¢ €
R™2 such that,
PV +q=y" ), Vj=1,...,m+1,

where y* (?) is an optimal fully-adaptable second-stage solution. Such P, g always exist
as the number of degrees of freedom is at least the number of constraints and in the
proof of Theorem 1, we construct one such solution.

3 Suboptimality of Affine Policies for Uncertainty Sets with (m + 2)
Non-Zero Extreme Points

In this section, we show that an affine policy is suboptimal even if ¢/ is full-dimensional
and a convex combination of 0 and (m + 2) other points in R’[". This implies that the
optimality of affine policies is almost tight, i.e., an affine policy is optimal only if there
are only (m + 1) non-zero extreme points in the uncertainty set. If the uncertainty
set has even one more non-zero extreme point, affine policies are suboptimal. In fact,
for any § > 0, we show that if U/ is a convex combination of 0 and (m + 2) other
points, the cost of an optimal affine policy is a factor (2 — d) worse than the cost of an
optimal fully-adaptable solution. For any 6 > 0, we consider the following instance Z of
II ggapt (U) where m is an even integer such that m > %, ny =ng =mand c € RT,
deR}?, Ac R™ ™, B € R™ "2 and the uncertainty set U are defined as follows.

c=0
d=(1,...,n)T
Foralli,j=1,...,m
Aij =0 (11)
1 ifi=j,
Bij = { \/% otherwise

U = conv ({bo,bl7 .. .,bm+2}) ,

where,
b’ =0

bj:ej, Vi=1,...,m

1 1
it = [ — ..., ——,0,...,0
g m

m/2
m/2
pmt2 — | OL 1
ey ,\/m,..‘,m
m/2
m/2

Here, e; denotes the jth unit vector in R whose jth coordinate is one and all others
are zero.



Theorem 2 Given any 6 > 0, consider the instance T of Il pqqp:(U) defined in (11)
where the uncertainty set is U. Then,

zaprU) > (2 =06)  zadapt(U)-

We first show that the optimal worst-case cost of the instance Z defined in (11) is
at most one.

Lemma 2 For the instance I defined in (11),

ZAdapt (u) <1

Proof We construct a fully-adaptable solution whose worst-case cost is 1 which implies
than zgqqpt(U) < 1. Since A = 0, we can assume without loss of generality that the
first-stage decision variables x = 0 in all feasible solutions. Let us first specify the
second-stage solution at the extreme points of U:

y(bj)_{bf if j €{0,1,...,m},
- 1 e -
e ifje{m+1,m+2}.

For any b € U, b can be expressed as a convex combination of the extreme points, i.e.,

m—+2

b= a;b’,
j=0

for some aj > O forallj =0,...,m+2and ap+...+amt2 = 1. Then, the second-stage
solution, y(b) is defined as
m—+2

y(b) = Y ajy(t)).
j=0

We next verify that the solution is feasible. For the extreme point b0, By(bo) =
0>t Forany ,j=1,...,m,

By(bj):Bbj:BejzﬁweqL(lf%)~ej26j,

Therefore, the solution is feasible for bj,j =0,...,m. Also, for j =m+ 1,m + 2,

i 1 1
_ (L ym=t 1)
T \m m  Jm c
_[(VYm+m—1
- m3/2
m

2<m3/2> ‘

1
= — ¢

m
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which implies that the solution is feasible for 8™ +! and b™*+2. Therefore, the solution
is feasible for all extreme points. For any b € U such that,

m—+2

b= a;b,
=0

for some a; > 0 forall j=0,....,m+2and ag+... +ami2 =1,

m—+2

B Z ajy(bj)
7=0

m—+2

Z aj - By(bj)
=0

m—+2 )
Z Cljbf7
7=0

=b.

By(b)

Y

Hence, the solution is feasible for all b € /. Therefore,

ZAdapt(u) < ma,X{dTy(b) | be Z’{}
= max{d y(t') | j =0,...,m+2} (12)
— max (max{dTbj 1j=0,...,m},d" (% : e)) (13)
-1, (14)

where (12) follows as the worst-case cost of the solution is achieved at an extreme
point of Y. Equation (13) follows as y(bj) =v,5=0,...,m and y(bj) = % - e for
j = m+1,m+ 2. Equation (14) follows as d*5° = 0, d’t/ = dle; = 1 for all
jzl,...,manddT(%-e):l. |

Next we show that the worst-case cost of an optimal affine second-stage solution is
at least (2 —J). We first show the existence of a symmetric optimal affine solution for
the instance Z. Consider any permutation 7 € S™, where S”" is the set of permutations
of {1,...,m}. We define the following notations.

(i) For any z € R™, 2" = (w7(1)7 . .,xT(m)).
(ii) For any Y € R™*™ Y7 = Y_(;y r(;), for all i,5 € {1,...,m}.
Definition 2 A set U C R™ is said to be permutation-invariant with respect to a

permutation 7 € S if, r€ P <= 2z € P.

Let
F:{resm’@%@m‘)g%}. (15)

We first show that the uncertainty set ¢ defined in (11) is permutation-invariant
with respect to any permutation in I'.

Lemma 3 The uncertainty set U in the instance Z defined in (11) is permutation-
invariant with respect to any permutation in I.
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Proof Consider any b € U and any permutation 7 € I'. We prove that " € U by a
case analysis.

Case 1 (b is an extreme point of If). In this case, b = ¥ for some j € {0,1,...,m+
2}.lIfb:bO, b” = (0,...,0) =b%. Forany j =1,...,m, if b= €’ then b” = (¢/)7 =
™) e Y. It b= b™F1 then

p 1 ifj<m/2
7)) T 1 0 otherwise,

as j <m/2 <= 7(j) < m/2. Therefore, b7 = (6™ )™ = ™+, Similarly, (b F2)" =
b™+2 . Therefore, if b is an extreme point b7 € U.

Case 2 (b is not an extreme point of /). In this case b = agh® + ... + a4 2b™ 2
for some a; > 0 for all j = 0,...,m + 2 such that ag + ... + ami2 = 1. It is easy to

observe that,
m—+2

b= a(v)

Jj=0

Since (W)™ € U for all j =0,...,m+ 2 (from Case 1), b” € U.
Using a similar argument as above, we can show that if b7 € i, then (b7)" €U
as 7 € I' implies 771 € I'. Therefore, b € U as (b’r)'ri1 =b. [ |

Lemma 4 There exists an optimal affine solution,

§(b) = Pb+ g,
where P € R™X™ and § € R™ such that §; = Gj foralli,j € {1,...,m}.
Proof Consider an optimal affine solution:

§(b) = Pb+ 4,
for all b € . For any 7 € I' (15), consider the following permuted instance Z' = Z7
where ¢ =¢" =0,A' = A" =0, B = B" = B and U’ = U™ = U. Note that the
permuted instance is constructed by permuting the index of constraints and variables.
Therefore, it is easy to observe that the following permuted solution,

g (b)=PTb+q,

for all b € U™ = U is an optimal solution for the permuted instance Z7.
Furthermore, Z” is same as the original instance Z. Therefore, §7 (b) is an optimal
solution of the original instance. Therefore, the following solution:

) 1« r
80) = 17 > i)

Tell

1 ~ -
L (e LS
|| |

Tel’ Tel
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is an optimal affine solution for the instance Z as it is a convex combination of optimal
affine solutions. Let

Therefore, for any j =1,...,m/2,

_ 1 .
Qj:mz o

i=1 relr(i)=j
1 m/2 m
= ;::1 (5 1)1, (16)

where (16) follows as there are exactly (m/2 — 1)! permutations in I" that map ¢ to j
for any 7,5 € {1,...,m/2}. Similarly, for any j =m/2+1,...,m,

1 - m
%=1 > (5—1)@*
i=m/2+1
Therefore,
q:(ﬂ17"'7/61’ﬂ27"'7/32)7
—_— ——
m/2 m/2

for some f1, 82 € R. Now consider the following permutation o where
o(j) = (%—i—j) modm, Vj=1,...,m.

It is easy to observe that U is permutation-invariant with respect to the permutation
o. Therefore, using a similar argument as before P? and ¢° define an optimal affine
solution for the original instance Z. Let

ol o1,
P:*(P+P”);q:§(q+q“)-

[\

Therefore, the solution

9(b) = Pb+,
is an optimal affine solution as it is a convex combination of two optimal affine solutions
of Z. Now for any j =1,...,m,

o q; + q(j+7n/2) mod m
q; = 2
_BitDBe
2

|
Proof of Theorem 2 Let §(b) = Pb+ q for all b € U be an optimal affine solution
that satisfies the symmetric property in Lemma 4 and let §; = 8 forall j =1,...,m
for some 3 € R. Now,

zaff(U) = max{d" (Pb+§) | b e U}.
For the sake of contradiction, suppose that

ZAff(U)S(Q—(S). (17)
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Claim 1 8 < (2-4)/m.
Suppose not. Consider b = b° = 0, 7(b) = Pb+ § = §. Therefore,
zapfU) > dT ") =d"g=m B >2-5,
a contradiction to (17).
Claim 2 Forall j=1,...,m, ij >1- % —%.
Consider b = e; for j =1,...,m, §(b) = ﬁej + ¢. Now,
B(PY + §) = B(Pej + §) > ¢;.

Therefore, (Bpej + B(j) ~ > 1 which implies that,
J

. 1 .
(Pjj +B) + Z ﬁ(Pij +8) =1
i#]
Therefore, either
. ) R
(Pjj +B) > 1_ﬁ or | > (Pij+8)] =2

i#]

Suppose for some ;' € {1,...,m},

Then,

(19)

(20)

where (19) follows as Pjj» + 3 > 0 and (20) follows from (18). This implies that
zapy(U) > 2; a contradiction to (17). Thus, we can assume without loss of generality

that for all j =1,...,m,

- 2
(Pjj+8)>1- ﬁ’
which implies
- 2
Pjj 21— ———
S22
vm  m’

where the last inequality follows from Claim 1.
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Claim 3 P;; > —(2—9)/m for all 4,5 € {1,...,m}.

Consider b = e; for j = 1,...,m. Now, 3(b) = Pej +qG. For any i =1,...,m, §;(b) =
P;; + 8. Since g(b) > 0,

Y

- 2—46
i > —B > ———
m
Now, consider b = b™*1. Fori =1, .. ., m/2,
™) = (P 1 q).
7
m/2 . 1
= P’Lj 7m +ﬂ
j=1
m/2
Pii Pij
S S B
VI AL Vm
1 2 2 m 2—6
> _Z _ _ .
Z T m md (51 (21)
1 2
vm

5 2 2

T 2ym om md/?
5

>W,

T oamely M0 §-v/m
CybTT) > 5 3 m T T

a contradiction to (17). Hence, zaff(U) > (2 —6) - 24dapt (U) even when there are only
m + 3 extreme points in the right hand side uncertainty set. |

4 A Large Gap Example for Affine Policies

In this section, we show that the worst-case cost of an affine policy in IT gq4qp¢ (U) can
be arbitrarily large as compared to the optimal cost. In particular, we show that for
any § > 0 the cost of an optimal affine policy can be Q(ml/zf‘;) times the cost of an
optimal fully-adaptable solution for the following instance Z. Let n; = na = m, where,

m® > 200, (22)
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and c € R}', d e R}?, A e R™*™ | B € R™*"2 and the uncertainty set U are defined
as follows.

c=0
d=(1,....,n)T
Foralli,j=1,...,m
Aij =0 (23)

0y otherwise
U = conv ({bo,bl, . ,bN}) ,

where 0 = W’ r=[m'7%, N = (™) +m+2 and

1 ifi=j,
Bij:{ J

¥ =0
bjzej, VjIL...,m
1
bm+1:7.
vm
v 2 =0y (1,...,1,0,...,0],
N—_——

T

where exactly r coordinates are non-zero, each equal to §y. Extreme points v , 3 > m+3
are permutations of the non-zero coordinates of b™%2. Therefore, U has exactly (T)
extreme points of the form of ™72, Note that all the non-zero extreme points of
U are roughly on the boundary of the unit hypersphere centered at zero. Therefore,
intuitively a unit hypersphere intersected with the non-negative orthant is the worst-
case example for affine policies in view of a tight upper bound of O(y/m) on their
performance presented in the next section.

Theorem 3 For the instance Z defined in (23) where the uncertainty set is U,

2aps) = 2 (M7 - 2 dap @),
for any given 6 > 0.

We first show that the worst case cost of an optimal fully-adaptable two-stage solution
is at most one.

Lemma 5 For the instance I defined in (23), Zogapt(U) < 1.

Proof We show this by constructing a fully-adaptable solution whose worst-case cost
is 1 which implies than z4qqp:(U) < 1. Since A = 0, we can assume without loss of
generality that the first-stage decision variables x = 0 in all feasible solutions. Let us
first specify the second-stage solution at the extreme points of U:

¥ o ifje{0,1,...,m},

b =
vOI=9 L s ma
m
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For any b € U, b can be expressed as a convex combination of the extreme points, i.e.,
N .
b= Z Oéjb],
j=0

for some a; > 0 for all j =0,...,N and ag + ...+ ay = 1. Then, the second-stage
solution, y(b) is defined as:

N
b) = ajy(t’)
j=0

It is easy to observe that the solution is feasible. Let us first verify the feasibility
for all the extreme points. For extreme point 4°, y(bo) =" =0 and By(bo) =0=10".
For bj,j:L...,m,

By(b') = Bb/ = Bej > e;.

Therefore, the solution is feasible for b7, j=0,...,m. For any, j > m+ 1,

By(') = B- ( )
(1 1
=\t m-972 ) €
(92
= (- 5)/2 €
z (m(s 5 /2) e
- (m(l 5)/2) '
>V,

which implies that the solution is feasible for b/ . Therefore, the solution is feasible for
all extreme points. Using an argument similar to the proof of Lemma 2, we can show
that the solution is feasible for all b € U.

Therefore,
Zadapt(U) < max{d"y(b) | b€ U}
= max{dTy(bj) |7=0,...,N}
= max (max{dTbj |7=0,...,m}, dr (% . e)) (24)
=1, (25)

where (24) follows as y(b') = bj,'j =0,...,mand y(t/) = 1/m e for all j > m + 1
and (25) follows as d6° = 0,d" v/ = d'ej = 1forallj =1,...,mand d’ (1/m-e) = 1.
|

In the following lemmas, we show that there exists an optimal affine solution sat-
isfying certain symmetric properties for the instance of IT44qpt (M) in Theorem 3.

Lemma 6 The uncertainty set U in (23) is permutation-invariant with respect to any
permutation i S™
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Proof Consider any permutation o € S”*. We need to show that b e U <= b € U.
Suppose b € U. We show that b € U by a case analysis.

. If b= b7, then clearly b” = b € U.

Ifb=10/ =ej for j=1,...,m, then b7 = e, (;) € U.

LMo =0" = (1/\/m,...,1/\/m), then b° =b € U.

CIfb=1b for j =m+2,..., N, then b has exactly (ml_‘s] non-zero coordinates each
equal to fy. Therefore, b° also satisfies the same structure and since all possible
combinations of the non-zero coordinates are extreme points of U, b € U.

5. If b is not an extreme point of U, then b = aobo 4.+ aNbN for some a; > 0,5 =

0,...,N and ag + ...+ ay = 1. Therefore,

N .
b= a;(t’)7.
j=0

Since (b7)7 € U for all j = 0,...,N, b’ is a convex combination of the extreme
points of U which implies b7 € U.

Therefore, b € U implies b° € U.
Conversely, suppose v = b° € U. By the same argument as above, we can show
-1
that v ) e U. Now,
— —1
’U(U 1) — (bU)(U ) — b,

which implies b € U. [ |

We next show that if we consider a permuted instance of the instance in Theorem 3,
we obtain exactly the same instance. For any o € S™, consider the following permuted
instance 7' = Z(o) of the instance defined in (23) where

d=0

d=d"=(,.... )"

A =A7=0 (26)
B' =B°

u' =u°

Note that for any 7,j = 1,...,m, B; = Bo(i) o (j)-

Lemma 7 The permuted instance Z(c) defined in (26) is the same as the original
instance.

Proof Note that B is symmetric where B;; = 1 for all i = 1,...,m and B;; = 6
for all 2 # j. Therefore, BY, = Bs(i),o) =1 for all = 1,...,m. Also for any i # j,

i
BY; = By(i),0(;) = fo since i # j implies o(i) # o(j). Therefore, B = B. In Lemma 6,

we show that U/ is permutation-invariant and thus, 4 = U. Therefore, the permuted
instance is exactly similar to the original instance. |

Lemma 8 Let o € S, and let
be an optimal affine solution. Then the following solution,

y7(b) = Pb+q°,
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where P = Py 5y for alli,j € {1,2,...,m}, and q] = qu(j) for all j =1,...,m,
is an optimal affine solution for the original instance. Note that y° (b) is not the per-
mutation of coordinates of the solution vector y(b) by o.

Proof Let us first prove that the new solution is feasible. Suppose not. Therefore,
there exists b € U and i’ € {1,...,m} such that,

(By? (b)), < by
Let us permute the constraints by o L. Therefore,

(B )

< bU—l(i/)7

o~ 1(i")

where B(a_l)ij = By-1(4),j for all 4,5 € {1,...,m}. Let us also permute the columns

of B(ofl) by 0! so that we get back the original constraint matrix as Bo-1(3),0-1(j) =

By for all 4,5 € {1,...,m}. Since we permute the columns of B(ail), we must also
permute the solution vector y? (b) by the same permutation. Therefore,

(Fre©?) | <boaw, (2)

)

where,
-1

—1
W ®) =P+ (@) =Pbta
and P’ = (P%) (o7 1), ie., Pi’j = P; 5 for all 4,5 € {1,...,m}. If we also permute
the columns of P’ by 071, we can express the above equation as,
1 .

@) =Py =y ). (28)

Simplifying (27) using (28), we have that
o1 _ ot
(By (b ))o—l(i/) <bomran =be

_1 -1
which is a contradiction as y(b° ) is a feasible solution for b . Furthermore,

-1 1

Ty = () ) =dyer ),

as (y"(b))a_1 = y(b"il) from (28). Hence, the worst-case of the solution y? (b) is same
as the worst-case cost of the optimal affine solution. |

We next show that there is an optimal affine solution for the instance in Theorem 3
that satisfies certain symmetry properties.

Lemma 9 There exists an optimal affine solution,
9(b) = Pb+ g,
for all b € U such that,

1. ij:uforalli;éjforsomeueRandpjjzefora”jzljn_’m)QGR‘
2. qj =X forallj=1,....,m, AeR.
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Proof Consider an optimal affine solution:

where P € R"*"™ and ¢ € R™. Let S™ denote the set of all permutations of {1,...,m}.
From Lemma 8, we know that for any o € S™, the solution,

y7(b) = Pb+q°,

for all b € U is also an optimal solution for the problem. We know that any con-
vex combination of a set of optimal solutions is also optimal. Consider the following
solution,

9(b) = Pb+4q,
where

S’rn‘ Z PU

cesm

- ooy

oes™m
Therefore the solution defined by P and q is a convex combination of the solutions

defined by all the permutations which are each optimal implying that the new solution
is also optimal. Furthermore, for any j =1,...,m,

. 1 "
Pjj = |Sm\ Z PJJ

cesSm
1
~15m] ' Z a(4),0(5)
oesSm
1 m
= 5 > > Pu
k=lo:0(j)=k
1 m
= W (m — 1)1 Py, (29)
k=1
Cm-1) &
= 'Zpkk
k=1
1 m
= Z P,
k=1

where (29) follows as |[{oc € S™ | o(j) = k}| = (m — 1)!. The final expression of ij
does not depend on j and thus, P;; = 0 for all j = 1,...,m where

1 m
= Z Ppge.
k=1
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For any i,j € {1,...,m},i # j,

S 1
Pij:W' > P
ocesSm

1
=5 2 Feow

ces™

S P> > om

,m, l#k \o: o(i)=k,0(j)=l

m
:‘S{,WZ > (m-2)py (30)
k=11=1,....m, I#k
) m
- 2 X P
k=11=1,...,m, l#k
m
= Z > Py,
k=11=1,...,m, I#k

where (30) follows as [{o € S™ | o(i) =k, o(j) =1}| = ( )' Again, the expression
of P” does not depend on 4, j and thus, Plj =pforalli,j=1,...,m, i # j where,

w= Z Z Py

k=11=1,...,m, l#k

Using a similar argument, we can show that §; = A for all j = 1,...,m where,
1 m
A= —- .
LS
k=1

Proof of Theorem 3 Let §(b) = Pb + ¢ for all b € U be an optimal affine solution
satisfying that for all 4,5 € {1,...,m},i # j, P;; = p, Pj; = 6 and §; = A. Such a
solution exists from Lemma 9. Let

zapp(U) = max{d" (Pb+q) | b e U}.

For the sake of contradiction, suppose that

1/2-6
m
zapfU) < —— (31)
Claim 4 0 <A < W
Note that y(b%) = y(0) = A - e. Since y(b°) > 0, A > 0. Now, suppose A > ﬁ

Then,
zaprU) > dTy(bO) = dT()\ ce) =X\ ele=X-m> 7711/2767

a contradiction to (31).

Claim 5 0 > %
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Note that

yler) = |0+ p+ X ...,u+ A
(m=1)
Since By(e1) > e,
@+A)+(m—1)-(p+A)-0 > 1

Therefore, either

(042> Lor(m=1)-(ut )00 > 1.
Suppose
(m—1)- (4360 > . (32)
Then,
zaprU) > dyler) = e (@ +Mpu+A ..., u+A)
m—1
=0+ A+ (m—1) (n+)
> (m—1)-(p+A) (33)
(1-6)/2
> 5 (34)
ml/2=3
ST

where (33) follows as 6 + A > 0 since y(e1) > 0 and (34) follows from (32).This implies
a contradiction to (31). Thus, we can assume that

1
0+ > =
(043> 5,
which implies that
1
0>=-—-A
-2
1 1
9 ml/2+é (35)
.
3’
where (35) follows from Claim 4.
Claim 6 ——575 < <0.
Suppose i > 0. Consider b = b™*1. For any i =1,...,m,
berl (Pbm+1 )
=0 L—i—(m—l) L—I—)\
=V m Hm
1
>0 ——+ A 36
20 = (36)
1
>0 —— 37
>0 (31)

IV
—
)
)
=
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where (36) follows since we assumed that p > 0. Inequality (37) follows as A > 0 from
Claim 4 and (38) follows from Claim 5. Now,

T .- 1 vm
Uu) > d bm'+1 _ ) bnl+1 Ssm.— = Y1
g0 2 ) = w7 > e g =
a contradiction to (31). Therefore, u < 0.
Consider the extreme point 5™ 12 where the first » = [m!'~%]/2 coordinates are
non-zero and each equal to 6y. Now,

i Oo- (04 (r—1)p) + A
" z
Oo-(0+ (r—1)p)+ A
G
Op - T+ A
(m-n{
L O - rpe+ A ]

Since y(b™%2) >0, 6y - T+ A > 0 and thus,

w2z = A
Op-r
1 (1-5)/2 1
z Toaizre ™ " TmI9] (39)
1 1
= T 3672 pi=e
. 1
T plte/2?

where (39) follows from the bound on A in Claim 4 and substituting values of 6y and

berl

r. Now, consider b = .Foranyi=1,...,m,

p@" ) = (P 4q).

L

1
—9. — —1) -
0 N +(m—-1)-p NG +A
1 1
= 3/m (m=1) — 57 (40)
N S
3/m " mB+e)/2
11
3ym m(1+9)/2
(1
T m \3 7 e
11
At 41
VA (41)

where (40) follows as 6 > 1/3 and p > —1/m'*% and (41) follows as m® > 200 (22)
which implies md/? > 12. Therefore,

2apU) = dTy(p" ) = iyi(bm“) sl _vm
B ~ 4/m = 4
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which is a contradiction to (31). [ |

5 Performance Guarantee for Affine Policies when A > 0.

In this section, we prove that an optimal affine policy is within O(y/m) from the
optimal two-stage adaptive objective when the right hand side is uncertain and the
constraint matrix corresponding to the first-stage decision variables, A > 0. In view of

1/2_5) for any constant § > 0

the example in Section 4 where we show a gap of 2(m
for affine policies, it follows that the approximation factor O(y/m) is tight. We later
consider the case where there are only k£ < m uncertain parameters and show that the
performance of affine policies is only O(\/E) times worse that the cost of an optimal
fully-adaptable solution. This bound is particularly useful in applications where there

are only a small number of uncertain parameters.

Theorem 4 Consider the problem Il sqqpt(U) where the right hand side uncertainty
set U C R is convex, compact and full-dimensional and A > 0. Then

zafrU) < 3vVm - zpdapt(U),

i.e., the worst case cost of an optimal affine policy is at most 3/m times the worst
case cost of an optimal fully adaptable solution.

We construct a feasible affine solution for ITgqp¢(U) starting from an optimal
fully-adaptable solution such that the worst case cost of the affine solution is at most
3vVm - Zadape(U). For all j =1,...,m, let

pj = max{b; | be U}

: (42)
37 = argmax{b; | b € U}.
It is easy to observe that p; > 0 for all j = 1,...,m, since i C R’ is full-dimensional.
To motivate the construction we consider the following case where,
> L <Vm, el (43)
j=1 1

In this case we construct a feasible affine (in fact a linear) solution as follows. Let
x*,y* (b) for all b € U denote an optimal fully-adaptable solution for IT4qqp:(U). Let

Consider the solution:

2
Il
3

2™, §j(b) = Pb, Vb € U. (44)
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The solution is feasible as for any b € U,

Az + Bj(b) = A(Vm - ™) + B(Pb)

=Vm- A"+ B D5y (5)
j=1"7
= v ) a3 U (a4 By ()
=11 =11

> o (Ax™ + Byt (3 45
j;uj (42" + By*(8)) (45)

>3 b g (46)
j=11

:ibj(i »5”)
j=1 0 M

Zij-ej (47)
j=1

=b,

where (45) follows, since A,z* > 0 and thus, Az" > 0. Inequality (46) follows from the
feasibility of z*,y*(87) for 87,5 = 1,...,m and (47) follows as [35 = p; and 3] > 0 for
all i =1,...,m. The cost of the solution for any b € U is

m
b, .
dad" (Po) = vm Tt +d" Y Lyt ()
j=1"7
m oy, .
=vm-clat+ 3 e dy (@)
j=1"7

m

b .
<vim T+ (S8 ) max dTy ()
= 17 Jj=1,....m
<vm-cla*+yvm- max d"y* (87) (48)
j=1,....m

=vm- (cTa:* + _max dTy*(ﬁj)>
j=1,.

yeey M

< m : ZAdapt(u)v (49)

where (48) follows from (43) and (49) follows as ¢! &* + dTy*(87) < ZAdapt(U) since
87 €U for all j = 1,..., m. Therefore, the worst case cost of the affine solution (44)
is at most y/m times the worst case cost of an optimal fully-adaptable solution if U
satisfies (43).

For the general case when (43) is not satisfied, the basic idea is that the set

of coordinates {1,...,m} can be partitioned into two sets Ji,Jo with J; U Jo =
{1,...,m},Ji N J2 = 0 such that
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1. For all b e U,
b.
> s svm
JEI Hi
2. There exists 3 € R that is a sum of at most 2y/m points in U such that 8; > b;
for all j € Jo, beU.

We construct the partition Ji, J2 and 5 € R satisfying the above properties iteratively
where we initialize 3 to zero and J; to {1,...,m}. In each iteration, we select a b € U
such that }-.c 7 bj/p; is strictly greater than \/m (if such a point exists) and add it
o B. If for any coordinate j € Ji, §; is at least uj, this implies that the current 3
dominates the jth coordinate of all b € U. Therefore, we remove j from J; and add
it to Ja. Since in each iteration we are adding a point from U whose scaled sum over
coordinates in Jj is large, we argue that the algorithm will find 8 and the partition
J1, J2 in at most 2v/m iterations which we use to prove the required properties. The
algorithm to construct [ and the partition Ji, J2 is described in Figure 1. Note that
the construction of 8 and the partition [Ji, Ja] is only to show the existence of a good
affine solution for IT4q4p¢(U) and is not required to compute the best affine solution
which can be found directly in polynomial time.

Lemma 10 Let 8, Jy1, Jo be the vector and the partition that Algorithm A produces.
For allb e U,

b.
DL svm,
jen i
and b; < B; for all j € Ja.

Proof The first property follows from the fact that Algorithm A terminates when the
condition in Step 2 is not satisfied which implies that,

Zﬂs\/ﬁ

jen M

for all b € U. Furthermore, for any j € Jo, 8; > pj from Step 2(d)i. |
Next we show that the number of iterations required to compute 8 in Algorithm

A is at most 2y/m.
Lemma 11 The number of iterations, K in Algorithm A is at most 2 /m.

Proof Let b',...,b% be the sequence of vectors constructed in Algorithm A. We first
argue that bJK < 2pu; for all j = 1,...,m. For any j = 1,...,m, suppose k(j) is the
last iteration when j € Jj before Step 2d in Algorithm A. Therefore, bf(j)_l <pu
Also, u;c(j) < pj. Therefore,

Now, oK = b = 0¥ for all k > k(j) which implies bX < 2u; for all j = 1,...,m

Therefore,

<2

L
Iy
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Algorithm A to compute 8 and partition Jp, J.
1. Initialize k « 0,09 «— 0,U «— U, J? « {1,...,m},JY = 0.

bj>m>

2. while (ab €Ust Yiey &
J
(a) k—Ek+1.
bv
(b) uF — argmax{X:jeJ1 7]7 lbe U}'
(c) Forall j=1,...,m,

k—1 I k—1
b — bi 1+u?, ifjeJy
J by, otherwise.

. k—1
(d) Forall j € J ",

i IE Ok > py,
JE = T}
Jb — gt ().
ii. Else,
Jf e gpt
Jy — gkt
3. K — k.

4. B —ul + .. +uf.
5. J1<*J1K, J2<—J2K.

6. Return {8, K,u',...,u€, J1, J2}.

Fig. 1 Algorithm A for Computing 8 and partition Jp, J>.

Alternatively,
m bK m K bk bk—l
DI BE
j=1"7  j=1k=1 7
K m bk bk—l
-y heh
k=1j=1 J
K u;
JjE€JT
K
> Vm
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where (50) follows as b;? = b?il for all 5 ¢ Jffl and (51) follows from the choice of

u® in each iteration k = 1,..., K in A. Therefore, we have that
K-ym< ) - <om,
el
j_
which implies that K < 2y/m. ]

Proof of Theorem 4 Suppose z*,y"(b) for all b € U is an optimal solution for
I ggapt(U). Also, let 3, K, ul, ..., u®, J1, Jo be returned by Algorithm A and let

K
N Qﬂ *0 k
?J:TZZJ(U )- (52)
k=1
Consider the following affine solution: & = 3/m - " and for all b € U,
N 1 : X
gy =" — -y (F) b + .
h Mg
JjeJ 1

Let us first verify the feasibility of the affine solution. For any b € U,

Az + Bj(b) = ABvVm-z")+ B [ >y (#)- L+
; Hj
JE€J1
bj * * i bj N
> (2vm+ > L |-A"+B( > v L+3 (53)
JjE€J1 M jEJy Mg
b; .
= 3" 2L (Aa* 4 By*(#)) + 2v/m - Aa” + By
JjEJ1 Hi
b, .
ZZ%'ﬁj+2\/ﬁ-Ax*+Bg (54)
jen ™
Eij-ej+2\/E~A:c*+Bg (55)
JjE€J1
K oym
= ij‘ej+2\/m‘Aw*+ZT~By*(uk) (56)
JEJ1 k=1
X oym .
= Z bj'ej-l-ZT-(A:E*-i-By*(u ))
JjeJ1 k=1
K ovm
Zij-ej—i-ZTu (57)
jeL k=1
K
k
Eij-ejJrZu (58)
jeN k=1
=D biej+8
JjEI

> b, (59)
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where (53) follows as ZJ A u < y/m from Lemma 10 and Az* > 0. Inequality (54)
follows as the solution 2™,y *(B7) is feasible for B for all j = 1,...,m since 3 € U.
Inequalty (55) follows as 37 > 0 and ﬂj = ;. Equation (56) follows from substituting
the value of § from (52). Inequality (57) follows from the feasibility of z*,y* (u") as
b et forallk=1,..., K and (58) follows as K < 2y/m from Lemma 11. Finally (59)
follows as 8 > 0 and for all j ¢ J1, 8; > bj. Therefore, the solution is feasible for all
bel.

We next argue that the cost of the affine solution Z,g(b) for all b € U is O(y/m)
times z4qqpt(U). For any b € U,

T4 d"50) = @Bvm-at)+d | Y v () —J +9

jGJl
=3ym-c’ Z ATy (@) +d g
JE-]1
< 3ym -’ Z ~maxdy"(5) +d"§
jen j€J1
< Vm- (c T +maXdT *(ﬁj)) +2vm-cat +d"g  (60)
JjeJ
<V 2adapt W) + 2vm - T2+ dTg (61)

K
= VM- 2 pdapt U) + Z 2v/m (ch* +dTy*(uk)) (62)
k=1

ﬂ

K
< \/R ZAdapt Z — ZAdapt(u) (63)
= 3\/”%' ZAdapt( )’

where (60) follows from Lemma 10, (61) follows from the fact that 37 € U for all
Jj =1,...,m and thus, zggap:() > e + dTy*(37). Equation (62) follows from
substituting the value of § from (52) and (63) follows the fact that u* € U and thus,
ZAdapt(U) > cT'z* + dTy* (W) for all k = 1,..., K. Therefore, the cost of the affine
solution is at most 3/m - z44qpt (U) for all b € U which implies

RAff (Z/{) < 3\/"z ' ZAdapt(“)‘

|

Several comments are in order. The upper bound of O(y/m) on the performance

of affine policies is tight (up to a constant factor) since from Theorem 3, we have that

for any 6 > 0, there exists an instance of IT44qp¢(U) such that the worst case cost of

an optimal affine policy is Q(ml/zf‘s) times the worst case cost of an optimal fully

adaptable solution. Furthermore, while the proof of Theorem 4 is existential where we

only show the existence of a good affine policy, an optimal affine policy can be computed

efficiently in polynomial time. Also note that the performance of affine policies is strictly

better as compared to the performance of a single robust solution which can be 2(m)
factor worse than the optimal.
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5.1 Performance Bound when the Number of Uncertain Parameters is k < m

We show that if the number of uncertain parameters in ITgqqp¢(U) is k < m, then
we can prove an improved performance bound of O(\/E) on the performance of affine
policies. In many applications, only a small number of parameters are uncertain where
our result shows that affine policies provide a good approximation. In particular, we
consider the following problem Hf&dapt (U) where only k right hand side coefficients are
uncertain.

Z,Ifldapt(u) =min ¢z + Igleaz( dTy(b, bo)

Ayz + Bry(b,°) > b, Vb e U
Agz + Bay(b,b°) > b°
z,y(b,b") > 0,

where A € R¥*™ 4, ¢ R("HX™2 g e RE*m2 B, ¢ RU"THX™ 30 e R o €
RT ,d e RT, Uuc Rﬁ_ is a convex uncertainty set of possible values of b. As before, for

any b e U, y(b, bo) denotes the value of the second-stage variables in the scenario when
the right hand side is (b, b°). We show that an affine policy is an O(v/k) approximation
for the above problem. In particular, we prove the following theorem.

Theorem 5 Let ngf(u) denote the cost of an optimal affine policy and let Zzlf\dapt )

denote the cost of an optimal fully-adaptable solution for Hff‘dapt (U) where the number
of uncertain right hand side coefficients is k < m. Then,

k k
ZarrU) = O(VE) - 28 gape ).
We show the existence of a good affine solution for IT E\dapt (U) by constructing
one such affine solution from a fully-adaptable solution. In particular, we consider the

following two problems constructed from I7 ,]fxdapt o).

z(II1) = min ¢’z + max dTy(b)

beu
Ayz + Biy(b) > b, Vb e U (IT1)
z,y(b) > 0.
z(Il3) = min Tr4+dly
Aoz + Boy > b° (I12)

z,y > 0.

Lemma 12 The optimal cost of both IIy and Ila are at most the optimal cost of
k .
HAdapt(u)f i.e.,

k k
Z(Ul) < ZAdapt(“)v Z(HQ) < ZAdapt(u)'

Proof Consider z*,y* (b, bO) for all b € U be an optimal full-adaptable solution for
Hﬁdapt (U). Clearly, it is a feasible solution for II; as:

Arz* + Bry*(b,0°) > b, Vb € U.
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Therefore,
2() < o™+ maxd"y" (6,0°) = ZhgapeU).

Also, consider any b' € U. Then the solution ", y(bl7 bo) is a feasible solution for I1o
as:
Aga™ + By (b',6%) > b°.

Therefore,
2(I) < o™+ dTy (0" 6) < "+ maxd”y (0,6°) = g W):
|

Proof of Theorem 5 Let z',y'(b) = Pb+ ¢ for all b € U be an optimal affine
solution for II; and let m2, y2 be an optimal solution for ITo. We construct an affine
solution for Hﬁdapt(u) as follows.

i=a' +2%, §b,0°) =y (b) +y> = Pb+q+ 9>, Vb e U. (65)
We first show that the above solution is feasible.

Ad + Bi(b,0°) = Ay (2! +2%) + Bi(y' (b) + v?)
> Azt + Blyl(b) (66)
> b,

where (66) follows as A13327 B1y2 > 0 and the last inequality follows from feasibility
of xl,yl(b) for IT;. Also,

Ag(ar:1 + m2) + Bg(yl(b) + y2) > A2x2 + Bgy2 > bO,

where the first inequality follows as AQ:cl,Bgyl(b) > 0 and the second inequality
follows from the feasibility of 2, y? for IT5. Therefore, the solution (65) is feasible for
k
1T} gape (U). Now,
T - T~ 10 T, 1 2 T, 1 2
d g(b,b") = d b
¢ & +maxd §(bb7) = ¢ (" +27) +maxd (y (b) +y)

= ("' + max d"(Pb+ q)) + (¢"2? +d"y?)

= zafp(I) + z(Il2) (67)
< 3Vk - z(II1) + z(IT3) (68)
< 3\/E : Zzlzdapt (u) + Zidapt (u) (69)

= O(\/E) : Zﬁdapt(“%

where (67) follows from as !, 4! (b) is an optimal affine solution for IT; and 22, is an
optimal solution for IT5. Also, zf¢(II1) denotes the cost of an optimal affine solution.
Inequality (68) follows from Theorem 4 which shows that the cost of an optimal affine
solution is at most 31/m times the cost of an optimal fully adaptable solution, where m
is the number of constraints. Note that the number of constraints in IT; is exactly k£ and
z(I11) denotes the cost of an optimal fully-adaptable solution. Finally, inequality (69)
follows from Lemma 12. [ |
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6 An O(4/m)-approximation for the General case

In this section, we present O(+/m)-approximation algorithm for IT44qp¢ (U) even when
the assumption on A > 0 is relaxed using an argument similar in spirit to the proof of
Theorem 4. The goal is to compute a first stage solution = such that for any b € U, the
optimal second-stage solution does not have a high cost. Note that the algorithm does
not propose a functional form such as an affine policy for the second stage solution
instead just computes a good first stage solution in an efficient manner.

The basic idea is to construct an uncertainty set U from the given uncertainty set
U in IT pgqpt(U), such that U° has a small number of extreme points and it dominates
U. In other words, for all b € U, there exists a b € U such that b < b'. In particular,
we consider the following uncertainty set.

U = conv {2v/m B, 2v/m - 3", 28} (70)

where Bj,j =1,...,m are defined in (42) and 8 = u' ... +u is the point returned
by Algorithm A. We show that U° satisfies the above mentioned properties and the
worst case cost of an optimal fully-adaptable solution on ¢4 is O(y/m) times z A qqpt (U).
Furthermore, since U° is a convex combination of only (m41) extreme points which are
affinely independent, IT44qp¢ (U°) can be solved optimally using an affine policy (see
Theorem 1) and an optimal first stage solution for I gqqp¢ (UO) is a good approximation
as a first stage solution of IT4qqp¢(U). In particular, we prove the following theorem.

Theorem 6 Let U° be as defined in (70) and let & € R be an optimal first stage so-
lution for Il gqqpt U°). Then Z is an O(\/m)-approzimation for the first stage solution
of IT ggapt(U), .., the worst case cost of the following solution for IIgqep(U): T is
the first stage solution and for allb € U,

y(b) = argmin{dTy | By >b— Az, y > 0},
is at most O(\/m) - zadapt(U).
We first show that ¢/° dominates U.

Lemma 13 For any b € U, there exists b’ € U° such that b < V.

Proof Consider any b € U and consider the partition [J1, J2] of {1,...,m} computed
by Algorithm A. We know that

b .
> svm,
jen 1
from Lemma 10. Therefore,
bj

1
A=) —~L— <. (71)
i 2y/myp; 2

Also for all j € Ja,
bj < B <28y,
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since B > 0. Let v/ = 2y/m - 37 for all j = 1,...,m and v™*! = 23. Therefore,

Ul = conv(vl, cee vm'H). We can express b as follows.

m
bZij~6j

:Z \/7,11, 2\/Eﬂj'ej+zbj'ej
jEI J JEJT2
<> 3 \Fu 2/m B+ D e (72)
jEJ J JEJT>
bj j
=> Wt Y bye
i3, 2Vmm j€Ts
b. .
<3S A+ By (73)
je7, VM j€Ts
b- .
<> A+ (74)
je 2V
bj il mett
= Z e , (75)
jeg, 2V 2

where (72) follows as 37 > pj-ej for all j = 1,...,m. Inequalities (73) and (74) follow
as 3; > b; for all j € J3 and 8 > 0. Equation (75) follows as o™t =28, If A = 0,
then b; = 0 for all j € J; which implies that b < 1/2- ™t < ™FL Therefore, we
can assume that A > 0 and (75) can be further modified as follows.

1 1
b< Z + — ™t
jen Zfﬂj
1 b; , 1 N
e D i R (76)
22\ &5 2y, 2
bj 1 mt1
S PR BT
i, AN/myp; 2
m+1 )
= a0, (77)
j=1

where (76) follows as 2A < 1 from (71) and for all j =1,...,m+ 1,

b,
—,j € Jy,
4)\\/%,[,% s J 1
o = 1 .
57 J=m + 15
0, otherwise.
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Now,

m—+1
D= ajtamp
Jj=1 j€J1

_ ZLJFE
B A/mpj 2

jEJ1
1 bj 1
HESEEY !
2 i 2y/mp; 2
1 1
= o A+ 3 (78)
= 17

where (78) follows from (71). Therefore, b’ = a1 - v! + ... + i1 - 0™ is a convex
combination of extreme points of " which implies &’ € 4° and from (77) we have that
b<b. ]

We next show that 2 44qpt (Z/IO) is at most a factor of O(y/m) worse than zggqp: (U)-

Lemma 14 245 (U°) = 2adapt(U°) < 4y/m - 2agap (U).

Proof Note that since U is a simplex, an affine policy is optimal and can be computed
in polynomial time as shown in Theorem 1. Therefore, z4 (Z/{O) = zAdapt(Z/lO). To
prove the second inequality, consider an optimal solution z*,y*(b) for all b € U for

IT pgapt(U). We construct the following approximate solution for HAdapt(UO): T =
4y/m-x* and for all j =1,...,m, §(v/) = 4y/m - y*(6) and

5™ = Y () W)

Foranybeuo,b=a1-v1+...+am+1-vm+1,Whereaj >0forallj=1,...,m+1
and a1 + ...+ am41 = 1. Therefore,

We show the feasibility of the solution &, §(b) for all extreme points of U and the feasi-
bility of the solution at other points follows from a standard argument as in Lemma 2.
For any 7 =1,...,m,

Ad + Bj(v') = 4y/m - (Ax* + By*(ﬁj))
> dy/m -
> 2ym - ¥

:’U].
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For j =m+1,

Ag + Bg(w™ ) = A(4y/m - 2*) + B (@ : (y*(ul) T +y*(u’<))>

_ % . (i (42" + By*(uk))>

k=1

W.2<K uk>
o\
_2ym mia

= v

K
> vm+1

\%

; (79)

where (79) follows as K < 2y/m from Lemma 11. Therefore, the solution Z,§(b) is
feasible for all b € U°. For any j=1,...,m,

e+ d"y(07) = avm - (ot + d"y(9))
< 4\/”71 * ZAdapt (u), (80)

where (80) follows from the optimality of ™, y*(b) for all b € U for IT44qpt(U). Also,

4ym =
i +d g™ = aym - T+ N Z dTy*(uk)
k=1

= % . <§ (ch* + dTy*(uk))>
k=1

K

< # ' (Z ZAdapt(“)) (81)
k=1

=4ym - ZAdapt ), (82)

where (81) follows from the optimality of =™, y* (b) for all b € U for I 4gqp:(U) and the
fact that u* € U for all k = 1,..., K. Therefore, we have the following.

2adap (U°) < max (T3 + d"j(v))

belUo
_ T. T
= j:lI,Tl.id,)?sz ) (c T+d gv )) (83)
< 4m * R Adapt (u)7 (84)

where (83) follows as the worst case cost is achieved at an extreme point of 24° and (84)
follows from (80) and (82). ]

Proof of Theorem 6 We need to show that an optimal first stage solution of
HAdapt(UO) is a good approximation for ITqqpt(U). Let &,7(b) for all b € U° be
an optimal solution for IT4qqp¢ (Z/lo) that can be computed in polynomial time. Let the
first stage solution for I7444p:(U4) be T = & and for any b € U,

7(b) = argmin{d’ y(b) | By > b — Az}.
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We claim that the worst case cost of this solution is at most z Adapt(uo) < 4y/m -
ZAdapt(U). From Lemma 13, we know that for any b € U, there exists b’ € U such
that b < b'. Therefore, §(b) = §(b') is a feasible solution for b € U as:

AZ + Bjj(b) = Az + By(b')
> b
> b

Therefore,
min{d’y | Az + By > b — Az} < d’ §(v)),
which implies that
"z +min{d"y | Az + By > b— Az} < & +d (b))

ZAdapt (UO)
4\/7H * ZAdapt (u):

IAIA

where the last inequality follows from Lemma 14. |

7 Conclusions

In this paper, we give a tight characterization of the performance of affine policies in the
context of a fairly general two-stage adaptive optimization problem. In particular, we
show that the performance of an optimal affine policy can be a factor (Z(ml/Q*‘s)
as compared to an optimal full-adaptable solution for any é > 0. The uncertainty sets
in the family of examples that achieve this lower bound have an exponential number of
extreme points that lie on or near the surface of a unit hypersphere in the non-negative
orthant. Therefore, the intersection of a hypersphere with the non-negative orthant is
essentially the worst-case example for affine policies. We also present a matching upper
bound of O(y/m) on the performance of affine policies when the constraint coefficients
for the first-stage decision variables are non-negative. Furthermore, if the number of
uncertain right hand side coefficients is & < m, where m is the number of linear
constraints in the model, we show that the affine policies are a O(v/k)-approximation
for the adaptive problem if all the constraint coefficients are non-negative. We also
present an O(y/m)-approximation algorithm (that is not an affine policy) if the non-
negativity condition on the constraint coefficients is relaxed.

worse

To the best of our knowledge, our results provide the first bound on the performance
of affine policies in such generality. Moreover, we are not aware of any other efficient
algorithms for the general two-stage adaptive problem with a performance guarantee
better than O(y/m). Since the hardness of approximation is known to be O(logm) [10],
reducing the gap is an interesting open problem. It would be interesting to study other
tractable policies for adaptive optimization such as polynomial policies and piecewise
affine policies both from a theoretical perspective as well as designing better policies
that work well in practice.
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